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Abstract

The turning distance is a well-studied metric for measuring the similarity between two
polygons. This metric is constructed by taking an LP distance between step functions
which track each shape’s tangent angle of a path tracing its boundary. In this study, we
introduce turning disorders for polygonal planar networks, defined by averaging turning
distances between network faces and “ordered” shapes (regular polygons or circles). We
derive closed-form expressions of turning distances for special classes of regular polygons,
related to the divisibility of m and n, and also between regular polygons and circles. These
formulas are used to show that the time for computing the 2-turning distances reduces to
O((m + n)log(m + n)) when both shapes are regular polygons, an improvement from
O(mnlog(mn)) operations needed to compute distances between general polygons of n
and m sides. We also apply these formulas to several examples of network microstructure
with varying disorder. For Archimedean lattices, a class of regular tilings, we can express
turning disorders with exact expressions. We also consider turning disorders applied to
two examples of stochastic processes on networks: spring networks evolving under T1
moves and polygonal rupture processes. We find that the two aspects of defining different
turning disorders, the choice of ordered shape and whether to apply area-weighting, can
capture different notions of network disorder.

Keywords Shape recognition - Turning distance - Microstructure - T1 move

Introduction

In the field of computer vision, a popular topic of research focuses on how to measure the
similarity between two shapes. For example, measures have been derived for comparing
shapes to commonly found structures such as cubes [1], rectangles [2], and circles [3]. In
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two dimensions, Arkin et al. [4] provided a general metric, the turning distance, for com-
paring shapes by using LP distances between turning functions which track tangent vectors
along paths tracing each shape’s boundary. In polygons, turning functions are step func-
tions, and it was found that turning distance under the L? norm can be computed with a run
time of O(mn log(mn)) for comparing two polygons with m and » sides. In this paper, we
will employ the turning function to define a notion of disorder in planar polygonal networks.
We will frequently refer to such networks as microstructure, since approximately polygonal
networks often appear in the study of grain boundary coarsening of polycrystalline metals
in materials science [5—7]. However, such patterns in nature are found on a variety of scales,
ranging from pottery crazing [8] to Martian terrains [9].

While the notion of “disorder” can have multiple interpretations, here we will consider
disorder of a network as an average of turning distances, taken between cells of the network
and some predetermined “ordered shape”. For a polygon P with #n sides, the three choices
we will use for an ordered shape are the circle C, the regular hexagon R, and a regular poly-
gon R,, with the same number of sides as P. For each of these measures, we also consider
disorders with area-weighted averaging. While the various types of disorder appear to dif-
fer minimally in their definitions, we nonetheless find that these measures can vary widely
given different examples of microstructures. In general, however, all of the disorders assign
higher disorder to microstructures with nonconvex and irregular cells.

In Sect. 2, we review the turning distance, and subsequently introduce the various turn-
ing disorders, along with some of their basic properties. We delay an analysis of examples
of the turning disorder, and instead focus first on formulas of turning distances where one
of the shapes is either a regular polygon or a circle. Sect. 3 gives computationally efficient
formulas for computing the turning distance. In the case of comparing two regular polygons
with n and m sides, the turning distance formula can be simplified to a summation formula
needing only O((m + n) log(m + n)) operations. For Sect. 4, further simplifications can be
made when considering the divisibility between the number of sides of the regular polygons.
In several cases, the turning distance can be written in closed form. A simple summation
formula is also provided for comparing any polygon to a circle. This also reduces to closed
form when the circle is compared to a regular polygon.

The formulas derived in Sects. 2 and 3 can be used for efficiently computing several
examples of microstructure. In Sect. 5, we consider an ordered example of Archimedean lat-
tices, a class of microstructures comprised of tiles which are regular polygons. Archimedean
lattices arise in nanoscale science, including problems in self-assembly [10] and quantum
magnets [11]. For soap foams with millimeter scale cells, Bae et al. [12] gave methods for
generating two-dimensional foams with Archimedean lattice structure. We write explicit
expressions for each of the turning distance for the (4, 82), (4, 6,12), and (3, 122) lattices.
Sect. 6 studies two classes of stochastic processes on networks that produce increasingly
disordered structures. In Sect. 6.1, we consider linear spring networks in force balance. To
evolve the network, we apply repeated applications of the T1 move, a simple topological
transition which changes the connectivity of a network edge. A purely topological treatment
of network statistics for the random T1 process was undertaken in the theoretical physics
community [13, 14] as a generalized version of the Ising model on planar graphs, and was
found to exhibit glassy behavior under Metropolis-Hastings rules for rejecting certain con-
figurations. By allowing the spring network to equilibrate after each T1 transition, we are
now able to study the geometric properties of the spring network, and for our purposes we
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are able to compute turning disorders. In Sect. 6.2, we randomly remove edges in a hex-
agonal lattice in a process topologically similar to edge rupturing in quasi-two-dimensional
soap foams [15]. In this process, vertices are fixed and do not undergo equilibration after
ruptures. This produces irregular, nonconvex shapes which result in large turning disorders.
In Sect. 7, we discuss potential areas in which turning measures can be applied to the prob-
lem of classification of materials.

A Measure of Disorder for Microstructures

A popular method for comparing shapes in two dimensions, proposed by Arkin et. al.
[4], tracks the tangent vector of a shape as it traces its boundary. A shape 4 can be scaled
so that its perimeter is unit length, with its boundary traversed by a continuous curve
©(s) : [0,1] — R? parametrized by arc length. The turning function © 4(s) : [0,1] — R is
the counterclockwise angle of the tangent vector ¢’(s) with respect to x-axis. When the
curve is only piecewise C'!, which occurs for polygons, we can make the turning function
well-defined by requiring the function to be right continuous. In what follows, the turning
function will be extended to have a domain of R by imposing the identity

O4(s+1) =04(s) £ 27 )

The floor value of |s| is then interpreted as the number of complete traversals of the perim-
eter, while the sign of s determines whether the traversal is clockwise or counterclockwise.

The p-turning distance computes the p-norm between turning functions of two shapes,
minimized over all possible rotations and starting points of the tangent vector. For shapes 4
and B, this takes the form

0eR,te(0,1

1 b
dy(A,B) = < min ]/ [©a(s+1t) —@B(s)+9|”ds> . (2)
Jo

Note that we will also write d, (f, g) when comparing two turning functions f, g € L?[0, 1].
The turning distance carries several desirable properties. Chief among them is that forp > 1,
dp(-,-) is a well-defined metric among the space of simple closed curves, quotiented under
translations, rotations, and scaling.! Thus, the metric is only concerned with the shape of
each curve. It is also continuous with respect to perturbations of shapes. In the Appendix,
we show that continuity is locally Lipschitz for the case p = 1 for perturbing vertices, but
that simple counterexamples exist for p > 1 in which Lipschitz continuity does not hold.
We now consider a measure of disorder for a microstructure contained in an open con-
nected domain Q C R? with unit area, partitioned as Q = LI"_, P;, where each P; is an
open, connected domain whose boundary defines a simple closed curve. The boundaries of
the partition form a planar network G, where the side number s(F;) of each face is given
by the number of vertices contained in its boundary. For such a network, we will define
turning disorders as an average of do(P;, A;) fori = 1,...,n, where A; is some predeter-

'In Lemma 1 of [4], a proof is given that dy, is a metric for any p > 0. However, the proof depends on the
Minkowski inequality for LP spaces, which does not in general hold for p € (0,1).
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mined “ordered” shape. Below, we will select three natural choices for A;, and also consider
weighting by cell area, which produces six measures for disorder.

One option for an ordered shape is to let A; = Ry, where Ry, is a regular k-sided poly-
gon. For a polygon P with s(P) sides, we can compare against all Ry for k¥ > 3 and take a
minimum of distances. However, a less computationally expensive method would compare
P to a regular polygon which also has s(P) sides. In the same vein, we define the unweighted
and weighted versions of the regular turning disorder as

n

1 n
D(G) = -~ Zd2(Pi7Rs(Pi))7 Dy (G) = Z |Pi|d2(P;, Ry(p,)), 3)
=1

i=1

where |P| denotes the area of a polygon P. Note that because we assumed unit area for the
network, the weighted disorder is indeed an area-weighted average of turning distances.
Trivalent networks are graphs that have degree three at each vertex, and are commonly
found in two-dimensional microstructures such as cross sections of polycrystalline metals
[16] and quasi-two-dimensional foams [17]. From Euler’s theorem for planar networks, the
average number of sides is approximately six for large networks. Considering hexagonal
lattices as the most ordered of trivalent networks, we can choose the regular hexagon R as
our comparison cell, and define unweighted and weighted hexagonal turning disorders as

n

Ds(G) = %Z(b(Pi»Rﬁ)y Dew(G) = Z |P;|d2 (P, Re). 4)
=1

i=1

Finally, we may be interested in comparing networks to microstructures such as wet foams
whose areas are largely comprised of approximately circular cells [18]. In this case, we
define the circular turning disorder as the average of turning distances between each cell
and the circle C. The weighted and unweighted versions of this disorder are

Dc(G) = %Zdz(PuC)» Dc,w(G)ZZ\Psz(PuC)- 5)
i=1 i=1

As we will see in Sect. 3, we have chosen the 2-distance dy in (3)—(5) for reasons of com-
putational efficiency.

There is no ordering among the disorders in (3)—(5) that holds across all microstructures.
Indeed, the turning distances of regular polygons and circles compared against even simple
classes of shapes can produce interesting behavior. For one example, shown in Fig. 1, we
plot turning distances of rectangles P, with aspect ratio a € [1,20] against R4, Rg, and C.
There are multiple changes in the orderings of turning distances:
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Fig.1 Turning distancesof .
ordered shapes compared against 0.84 = ___-gmmmmmmoTeme i
rectangles P, with aspect ratios
1<a<20 )
S 0.6
©
@
©
o 0.4
£
c
£ — d2(R4, Pa)
........ dz(C, Pa)
~-== dy(Rs, P2)
0.0 2\R6, Fa
1 5 10 15 20
Rectangle aspect ratio a
dg(R4,Pa <d2(CP)<d2(R6,Pa) 1<a<1.51,
dg(Rﬁ,Pa <d2(C P, ) <d2(R4,Pa) 1.52 <CL<2.8O7
dg(c, Pa) < dQ(R6, ) < d2(R4,Pa) 28l <a< 6207
dg(C, Pa) < d2 R4, ) < dQ(RG,Pa) 6.2l <a< 8467
dg(R4,Pa < dQ(C P ) < dQ(RG,Pa) 847 < a< 1320,
dg(R4,Pa <d2(R6, ) <d2( Pa) a > 13.21.

The plot for da(Rg, P,) also shows that changing aspect ratios does not ensure monotonic
behavior in turning distances. In Sect. 6.1, we find the nontrivial ordering of turning dis-
tances against aspect ratios manifesting in turning disorders of spring networks.

It is straightforward to see that the turning function can be arbitrarily large for nonconvex
shapes by constructing spiral-like curves with many rotations. That the turning distance
between two functions is unbounded is somewhat less transparent, as we have to consider
minimum LP distances across all vertical and horizontal translations of turning functions.

Proposition 1 d,(-, -) is unbounded.

Proof For each n > 1, we can construct a sequence of spiral shapes with » rotations with
turning functions that approach, in LP(0, 1), the piecewise-linear function

4mns se]|
gn(s) = { 4(1 - n)ws + (4TL - 3)71— s € [ ) (6)
2w s =

Specifically, consider a counterclockwise spiral tightly wound around a circle of radius
1/(4mn) beginning at the bottom of the circle with a tangent angle of 0. After the nth rota-
tion, the curve sharply turns 7 radians clockwise and spirals back to the origin point, where
it turns counterclockwise by 7 radians right before closing the curve. See Fig. 2

We now compare g, (s) against h(s) = 27s, the turning function for the unit perimeter
circle. Clearly, h(s +t) = h(s) + 2t, and so horizontal and vertical translations of / are
equivalent, meaning that we can set ¢ = 0 in (2) and optimize d;,(gy, h) over 6. Further-
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Fig. 2 A spiral shape with two rotations wound around a circle (shown dashed) of radius 1/(47n). The
turning function begins at the origin (black dot). The interior of the spiral shape is shaded in gray

more, for all 6, the range {/(s) + 0} ,¢c[0,1) Will be contained in an interval of length 27.
With this fact, it follows that for all § € R, there is a set Ay C [0, 1] with |Ay| > 1/2 such
that for all s € Ay,

() +0 = g(s)| = n/2. (7

Then the p-distance can be bounded from below by

1
P

1
= i h(s+t) — gn(s) + 0|Pd 8
ot = (gmin | [ 0G40 = o)+ s ®)
1/p
> (min / |h(s) + 6 — g(s)|pds> > 2= (PH)/Pyy )
0eR Ag
which diverges as n — oo. O

By comparing g,,(s) against the turning function of a regular polygon, the proof of Prop.
1 follows similarly. From this it is straightforward to show

Corollary 1 The turning disorders in (3)—(5) are all unbounded.
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Restricted to convex shapes, curvature cannot change signs, and so turning functions f°
must be nondecreasing. Paired with (1), it follows that for all s € R and ¢ € [0, 1]

|f(t+s) — f(s)] < 2m. (10)

This implies an upper bound of d,(f, g) < 27 between two turning functions for convex
shapes. This bound is not sharp. We conjecture that Z (p + 1)~/ is the sharp upper bound
between two closed convex curves for the p-distance. This value is obtained as an increasing
limit of turning distance between the unit circle and a sequence of rectangles P,, with aspect
ratios of . Stated formally, the sharp bound we are looking for would be sup ;. dy(f,9),
where optimization is over the Helly space H of nondecreasing functions f : [0, 1] — [0, 27]
under the endpoint constraints of f(0) = 0, f(1) = 27, and also the integral constraints

/0 sin(f(s))ds :/0 cos(f(s))ds = 0. (11)

We require f € H to be nondecreasing for the shape to be convex, while the integral con-
straints ensure that the curve is closed.

Computing the Turning Distance

General Polygons

In this subsection, we review the main results from Arkin et al. [4] for computing the turning
distance. Computing d,, is most efficient for p = 2, since for each translation ¢ € [0, 1], we
have an integral expression for the optimal rotation 6*(¢), thereby reducing the minimiza-

tion problem (2) to a single variable. From Lemma 3 in [4], we find

Proposition 2 Under the Ly norm (p = 2), for polygons A and B,

1 1/2
da(A, B) = < min / (Oa(s+1) —Op(s))%ds — 9*(75)2) , (12)
t€(0,1] Jo
with the optimal rotation 0*(t) given by
1
0*(t) = / g(s+1t)— f(s)ds. (13)
0

The optimization space for ¢ € [0, 1] can be further reduced to a discrete set when con-
sidering polygons, whose turning functions are step functions with jumps corresponding
to corners. For two polygonal turning functions f'and g, we define the set of critical events
Cr(f, g) as those values ¢ € [0, 1] for which f(¢ + s) and g(s) have at least one jump occur-
ring at the same point. Here we give a minor generalization of Lemma 4 and following
discussion in [4].
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Proposition 3 Let p > 0. For polygons A and B with critical events Cr(A, B),

1
P

1
dy(A, B) = i - rds) . 14
)= (e B, 194070 = 0010 - 0ras) "

Proof sketch: In [4], Prop. 3 is shown for p = 2, but the proof can be readily generalized
for any p > 1. The main point is that for any value of @ € Rand ¢ € [0, 1], the integral in (2)
is given by sums of rectangles whose widths are distances between discontinuity points in
O4(s+t) and Op(s). As t varies between points in Cr(A, B), rectangles grow or shrink at
a linear rate, preventing a local minimum from occurring. Thus, minima can only occur at
values t € Cr(A, B), where rectangles can be created or eliminated. ]

Arkin et al. [4] then combine Props. 2 and 3 for computing the 2-turning distance.

Corollary 2 For polygons A and B,

1/2

dg(A,B)_( min /(GA(ert)@B(s))?‘ds@*(t)z) . (15)
0

teCr(A,B)

If A4 and B have m and n vertices, respectively, it takes time O(mn(m + n)) to com-
pute dz(A, B). By considering a sorted list of critical events, this can be refined to
O(mnlog(mn)) (see Theorem 6 in [4]).

Regular Polygons

For turning distances between regular polygons, we can remove the optimization of critical
events in (14), and subsequently for p = 2 express distance in (15) as a summation requiring
no optimization. Such a formula will serve as the foundation for deriving exact formulas
for turning distances in Sect. 5. In what follows, all polygons P are scaled, translated, and
rotated to have unit length, with a corner located at the origin, and an edge containing the
origin lying on the positive x-axis. Furthermore, we will set the starting point of the turning
function © p(s) to be the origin, with the horizontal side to its right as the first edge tra-
versed as s increases, meaning 6p(s) = 0 for s € [0, s1), where s is the length of the side
on the x-axis. Under these conventions, the turning function f,,(s) for a regular polygon R,
with 7 sides is the step function

Fals) = D2 (@ri/m(s € [i/n, (i + 1)/m). a6

i€Z

Here, we use the indicator 1(A) to equal 1 if 4 is true and 0 if 4 is false.

For regular polygons, we use the symmetry of the shape to show the invariance of critical
events in the turning distance. In terms of turning functions, this manifests in the equiva-
lence of horizontal shifts and vertical shifts. Namely, for all s € R and ¢ € Z, we have the
identity

fu(s+1i/n) = fn(s) + 2mi/n. (17)
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This identity could be used to remove optimization over critical events for the turning dis-
tance between regular polygons.

Proposition 4 Let f,, be defined as in (16). Then for n, k > 2,

dyp(Ry, Ri) = <m1n/ | frn(s) — )+9|pds)p (18)

and

1
2

do(R,, Ry) = (/Ol(fn(s) — fu(s))%ds — 0*(0)2> ) (19)

Proof From Prop. 3, we find that extrema for the p-turning distance occur at critical events.
For regular polygons R,, and Ry, the critical events are

Cr(Rn,Rx) ={l/n+m/ke[0,1]:1=0,...,n—1, m=0,...,k—1}. (20)

Optimization over 6 over these values of ¢ € Cr(R,,, Ry) is equivalent to an optimization at
t =0, as forany m/k +1/n € Cr(R,, Ri),

mln/ fu(m/k +1/n +5) — fu(s) + 0P ds
—mln/ |[fo(m/k+s) — fi(s) + 2nl/n + 6|Pds

14+m/k
_ min/ () — fiuls —m/k) + 2xl/n + 0P ds
6eR m/k

1+m/k
- min [ ) = ) 25— mk) 5 07

_mln/ |frn(s) — fr(s) +2m(l/n —m/k) + 0|Pds

0eR

=i [ 16006) — 1) + 0.

The second to last equality uses (1), which implies f,, — fx is 1-periodic. The last equality
holds since the shifted variable 8 = 0 + 27 (I/n — m/k) is still optimized over R. Then
(18) follows immediately from Prop. 3, and (19) follows from Prop. 2 and Corollary 2. [

Remark 1 In this result, we have allowed for the “2-gon” R,. While technically not a poly-

gon, R, is interpreted as a line segment connecting (0, 0) and (1/2, 0), with a turning func-
tion of
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Geometrically, this can be seen as a limiting shape of rectangles with aspect ratio a — oo,
and will be used for approximating needlelike regions in Sect. 6.1.

The 2-turning distance between regular polygons, written as an integral in (19), can
instead be written as a sum using floor functions through a direct calculation. For simplicity
in presentation, in what follows we will write Do (Py, Py) = (da(Py, Py)/m)2.

Proposition 5 Let n, k > 2.

1. The 2-turning distance between R,, and Ry, satisfies

2 nk . . 2
1 1 4 1]z 1114
Da(Fn, Rr) = = <n - k) Tk Z_o (k M 0 M) : @)
2. Do(Ry, Ry) can be computed in O((n + k) log(n + k)) time.

Proof To show (1), we note that from Prop. 4, the first term in (22) is the optimal rotation
att =0,

coy=qr(L_ L
9(0)_7r<n k) (23)

This immediately follows from (13) and noting that

! 1
/0 fu(s)ds = (1 — n) . (24)

For the summation term, we partition [0, 1] into nk equally sized intervals. In the interval
s € [i/nk, (i +1)/nk)), fo(s) =2 || and fi(s) = 2% | %]. The result then follows
from (19).

To show (2), we can compute (22) as follows:

1. Create a sorted list ¢ <---<cpyr of the jump discontinuities
{l/n}1=0,..n—1 U {l/k}i=0,...k—1 of the turning functions.
Compute lengths ¢; = cj 41 — ¢;.

3. Compute the sum

n+k
S=Y i(fales) = frles))*.

=1

Sorting takes O((n + k) log(n + k)) time, and steps 2 and 3 each take O(n + k) time. O
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Closed form Expressions for Special Cases

The distribution of lengths between critical events of R,, and R depends upon the prime
factorizations of n and k and their common divisors. In what follows, we’ll give some simpli-
fications for special cases of n and & in which we can give closed formulas for da(R,,, Rx).
We begin with cases where n and k share common factors.

Proposition 6 For positive integers n, k,a > 2,

2 _
AR, Ry) = /1 (25)

an 3
and

1
Proof From (13),

T f(fa—1
0*(t) = — .
w=1("")

Next, we observe that the function f,,,(s) — f.(s) is 1/n periodic, with explicit step func-
tion form

Funls) = fuls) = 3 20Umed ),

i€Z

o (s € [i/an, (i + 1)/an)). Q@7

This yields

[ Gunls) = o205 = nZ (=) (27;)

A fﬁ _ 2n2(a—1)(2a— 1)

ad3n? 4 - 3a2n?
im

Substituting into (19) establishes (25), since

- (e (59

T a2 -1

NI

an 3
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To show (26), we note that multiplying the number of sides of a regular polygon is equiva-
lent to a rescaling of the turning function. In other terms, for all s € R,

fan(s) = % fnl(as). (28)

It follows that f,,, — far is 1/a periodic. We now can show that, for p > 0,

1
an a pd - an a pd

| anle) = s = Z/Z ) = Sl (29)

1 1/a
= | Unles) = futesyras (30)

1
— | (fals) = fu(s))ds. 31)
0

The above can then be inserted into (15) with p = 1, 2 to obtain the result. O

Corollary 3 For ¢ = ged(n, k),

1
d2(Rn7Rk) = &dZ(Rn/quk/q) (32)

If n and k are relatively prime, then typically the gaps between critical events are erratic,
and the summation formula (22) will be required to find the turning distance. However, we
mention one case in which a closed form solution exists between n- and (n + 1)-gons. Note
that we write f(n) ~ g(n) to mean lim,,_, ., f(n)/g(n) = 1.

Proposition 7 For n > 2, the turning distance between R, and R, . ; satisfies

2n2 +2n —1
Dy(Ry, Rnt1) = ———, 33
2(Fn, Pins1) 3n2(n+1)2 (33)
and thus dg (R, Ryy1) ~ f”.
Proof From (13), the optimal rotation between R,, and R,, 1 is
T
0*(0) = ——.

(0) TPy (34)

For the computation involving ( f,, — f,.+1)2, consider a partition of [0, 1], with » intervals
fori=1,...,n. For s € I, fn(s) = w(i — 1)/n. However, f,,11 assumes two values in

each I;. For I'") = [(i — 1) /n,i/(n + 1)) and I?) := [i/(n + 1),i/n),
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- (1)

Using closed-form expressions for the sums of integers and squares, we now compute the
turning distance as

(Rn Rn+1 (Z /(1>U (2) fn fn+1(5))2d80*(0)2>

74& ntl—ifi-1 i-1 2+ i i-1 0\’ 1
I n(n+1) n n+1 n(n+1) n n+1 n?(n+1)2

i=1

1
n5n+1gz (1—mn)+i(n®—2)+ (n+1))fm

_ 2n% +2n — 1
T 3n2(n+1)2

O

We can also compute turning distances between a general polygon and a circle. The unit
circle C, positioned so that its lowest point is placed at the origin, has the turning function of
O¢(s) = 2ms. For an n-sided polygon, denote side lengths, beginning from the segment on
the x-axis, as sg, S1, . - - , Sn, Where so = 0. Denote cumulative perimeters as z; = Z;:O Sk.
Finally, denote corner turning angles 0; as the right-sided limit of the turning function at the
ith corner traversed, with 6y = 0 and 6,, = 2x. For a polygon P with n > 2 sides, we then
have the following simplifications for dy(C, P).

Proposition 8 Let g(s) = 27s be turning function for the circle C, and let h(s) be the turn-
ing function for an n-sided polygon P with cumulative perimeters xy, ..., x, and corner
turning angles 0¢, ... ,0,_1. Then

n

2
Dz(C,P): %Z[(inft‘),;,l/ﬂ):;f@mi,l 7 1/7T (129, 1 T,l)/7l'> (36)

i=1

and

V3
B(C Ry) = 57 (37)
Proof Bytakingthe Ly limitof f, — g(s) = 2ms,wefindthat(15)alsoholdsfords(f,, h(s)).
This convergence follows the dominated convergence theorem with the constant uniform
bound |fi — h(s)| < 27 + max,ejo,1) h(s). Furthermore, since g(s +t) = g(s) + 27t (a
limiting version of (17)), we can repeat the proof for Prop. 4 and set ¢ = 0 for the optimal
shifting, meaning (19) also holds with d2(C, P).

We can now compute (15) by breaking up the integral for each side of P. We find
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1 n T;
/ (9(s) — h(s))st = Z/ (2ms — 9i—1)2ds (38)
0 i=1 " Ti-1
2 n
= % 2(2331 —0;—1/7)% — (2mi—1 — 0;—1 /7). (39)
i=1

Similarly, for the optimal rotation term,

1
6°(0) = / (9(5) — h(s))ds (40)
0
1 n i
_ ds — 0 d
/0 2mwsds 72_;/@1 1ds 41)

i=1

To show (37), we can either substitute x; = i/n and ; = 2mi/n into (36), or simply take
the Ly limit of (25) as a — oo. This limit exists by again applying the dominated conver-
gence theorem, as [, (s) — fn(s) = g(s) — fn(s) pointwise, and | fon, — fr| are uniformly
bounded by 4. O

Archimedean Lattices

For an example of ordered microstructure, we consider Archimedean lattices, a class of
periodic tilings which are vertex-transitive, meaning that between any two vertices u and
v, there exists a graph isomorphism that maps u to v. There are 11 such lattices [19, Ch.
2], each of which are comprised of regular polygons. These lattices serve as a nontrivial
class of microstructures for which we can compute exact values of turning disorder. They
also demonstrate ways in which the disorders differ. In particular, since tiles are regular
polygons, regular turning disorders are identically zero. However, with the exception of the
hexagonal (honeycomb) lattice having zero hexagonal turning disorder, Archimedean lat-
tices have nonzero values for both circular and hexagonal disorders. The three lattices we
will consider are the (3,122), (4,8%), and (4, 6, 12) lattices, shown in Fig. 3. These are the
three Archimedean lattices which have more than one tile and are trivalent, or having all
vertices of degree 3.

For a lattice 4 tiling the plane, we understand the various disorders as the limit of disor-

ders restricted to the square S, = [—n,n] X [—n,n] as n — oo, written as
D(A) = lim D(S, N A). (43)
n— 00

From this definition, we immediately obtain
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(4,8°) (4,6,12) (3,129

Fig. 3 Three examples of Archimedean lattices, with a fundamental region for each lattice shaded in gray

D(A) = Doy (A) = 0 (44)

for all Archimedean lattices. This holds because all interior tiles of the lattice in .S,, are
regular polygons whose corresponding terms in (3) are zero. These interior tiles comprise
an arbitrarily large proportion of the lattice as n — oo.

For other disorders, this limit is well-defined for Archimedean lattices, as each lattice can
be tiled with a single fundamental region, defined as a finite subregion of the plane contain-
ing fractions of tiles which generate the tiling when symmetries (rotations and translations)
are applied [20]. Archimedean tilings are periodic, and thus have at least one fundamental
region. In a fundamental region, denote area weighted and unweighted proportions of regu-
lar n-gons as p,, and g,, respectively. Although fundamental regions may not be unique, it
still holds that

Proposition 9 Any fundamental region for an Archimedean lattice contains the same pro-
portions py, and gy, for n > 3.

Proof For any fundamental region I' C R?, as n — oo the interior of the square S, will
contain rotated and translated copies of F. Along the boundary of S,, there may be incom-
plete pieces of F, but these regions comprise an arbitrarily small proportion of all tiles as
n — oo when considering weighting by either total polygons or area. Each of these copies
contain the same fractions of regular polygons, so as n — oo, the proportion of regular
n-gons in S,, approach those of F. The same argument can be made for a different funda-
mental region F'. By uniqueness of the limit, /' must have the same n-gon proportions as F.

O

Fundamental regions are shown in Fig. 3, shaded in gray. For the (4, 8?) lattice, a fun-
damental region contains the area of 1/2 of a square and 1/2 of an octagon. the (4, 6, 12)
lattice, the fundamental cell contains the area of 1 hexagon, 3/2 of a square, and 1/2 of a
dodecagon. For the (3,122) lattice, the fundamental cell contains the area of 1 triangle and
1/2 of a dodecagon.

Turning disorders can then be computed as weighted sums with respect to contributions
of regular polygons in fundamental regions. Exact expressions can be found using (22) with
the Python package sympy [21] for simplifying fractions and roots. We comment that for
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the hexagonal lattice A(62), which is also Archimedean and trivalent, all turning disorders
are equivalent to computing da (R, P) for some ordered shape P. In particular, for hexago-
nal and regular disorders, the disorder is simply d2(Rg, Rg) = 0. The circular disorder, from

(37),is da(Rg, C) = 2= = 0.3023.

For unweighted turning disorders, we use unweighted probabilities g5, of fundamental
regions, which are defined as the fraction of regular £-gons in the regions divided by the
total fraction of regular polygons which comprise the fundamental region. These are

a3 =2/3, q2=1/3, (3,12%)
@=1/2, qs=1/2 (4,82)
qa = 1/2a d6 = 1/37 q12 = 1/6 (47 67 12)
Unweighted turning disorders can then be computed as a weighted average of turning dis-

tances under the various gx’s. For instance, using (25), the unweighted hexagonal disorder
for A(3,122) can be quickly calculated as

Dg(A(3,12%)) = gsda(Rs, Re) + q12da2(R12, Rg) (45)
2 1 =« 5%

_ 2T DT 0T (4363, 46

3 6 + 3 12 36 @0

Let py be the probability that a randomly chosen point in a fundamental region belongs to a
regular k-gon. These can be computed as fractions involving areas Ay, of a regular k-gon with
a side length of 1. In particular, we use Az = v/3/4, Ay = 1, Ag = 3/3/2, Ag = 2+ 2V/2
and Aj5 = 6 + 31/3. Area-weighted probabilities are then calculated as

p3=T7—4V3=00718, p1a =4V3 —6=10.9282, (3,122)

pa=3—2V2=0.1716, ps=2v2—2=0.8284, (4,82)
2v/3 — 3

Py = @ =0.1547, pg=2—V3=0.2679, pi»= % =0.5774. (4,6,12)

Weighted turning disorders can now be computed using py,. For instance, the weighted hex-
agonal disorder is given by

De,w(A(3,12%)) = p3da(R3, Re) + p12da(Ri2, Re) 47)

:(774\/§)~%+(4\/§f6)'%:g(Qf\/g):O.QSO& (48)

In Table 1, we display weighted and unweighted turning distances for each of the lattices.
There are several observations which show how the different disorders can capture different
features of the lattices:

e First, we note that the (3, 122) lattice produces the smallest disorder, with D , = 0.1837.
Here, 12-gons take up p12 = 0.9282 of the lattice area, and produce relatively small dis-
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Table 1 Turning disorders for Archimedean lattices
(4,82) (3,122) 4,6,12)

Exact expression

De 22 (2v/33 4+ v/69) o Z(V33+1)
Dé,w 2 (3v334+ V138 —2v66 —V69) Z(2—V3) £ (2V11+v3 - /33)
5(: V3w \V3r 737
16 12 108
De,w =(2v3 - 6) X (11v/3 - 18) 7(1+V3)
Decimal representation
D 0.4319 0.4363 0.2942
Do.w 0.3863 0.2806 0.2287
D 0.3401 0.4534 0.3527
C
Do 0.2656 0.1837 0.2384

tances do(R12,C) = v/37/36 = 0.1511. Removing area weighting, however, produces
the largest disorder of the lattices, with D, = 0.4534, largely due to the relatively larger
distance of dy(R3,C) = v/37/9 = 0.6046.

e While the (4, 6, 12) lattice has three types of tiles, it gives the lowest value of hexagonal
disorders. This is largely due to the presence of hexagons which have zero hexagonal
distance.

e Both squares and octagons are “two sides away” from the hexagon, but we find that Rg
is closer to R than Ry for the turning distance, with d( R4, Rg) = v/337/36 = 0.5013
and d(Rg, Rg) = v/697/36 = 0.3624. Therefore, since weighting by areas gives more
bias to octagons, De w(A(4,82)) < De(A(4,82)).

e In the examples shown thus far, weighting by area reduces disorder for both hexagonal
and circular disorder, but as we will see for the rupturing process in Sect. 6.2, this does
not occur in general.

Examples of Disordered Microstructure

In what follows, we will study two stochastic processes on trivalent networks. In both of
these processes, typical cells are not regular polygons or circles, and so the general algo-
rithm for the turning distance needs to be applied to calculate the hexagonal and regular
disorders. The circular disorder is computed using (36).

Spring Networks with T1 Moves

For our first example of a stochastic process on networks with increasing disorder, we con-
sider a hexagonal lattice whose edges undergo a series of T1 moves followed by reposition-
ing of vertices from Tutte’s method of drawing a planar graph. See Fig. 4 for a visualization
of a single T1 move. In this figure, we consider an edge (u, v) and its vertex neighbors
{a, b, ¢, d}. To perform a T1 move on the edge (u, v) we change the connectivity of u to now
be adjacent to vertices b and d, and v to be adjacent to @ and ¢. Denoting C,, for a cell with n
sides, four cells change their number of sides from a T1 move through the reaction
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a C

T1 v

Fig.4 AT1 move
Ci+Ci+Cr+C = Cit1 +Cj4q + Cr1 +Ci1. (49)

For our simulations, we forbid reactions to occur which result in cells with fewer than three
sides. This is done to keep the graph simple (i.e., having at most a single edge between two
vertices and no loops).

The reaction maintains planarity of the network and can be described completely through
adjacency matrices. By selecting random edges with uniform probability, we can define
a discrete-time stochastic process on the network which undergoes a large number of T1
moves. When trying to represent multiple T1 processes as a geometric graph, it becomes
readily apparent that inserting edges in an ad-hoc manner quickly becomes unmanageable.
A natural way to address the problem of vertex assignment is to employ the well-known
Tutte algorithm for drawing a planar graph [22]. Given a collection of locations for pinned
vertices on the boundary of a convex set in the plane and an adjacency matrix for a 3-regular
graph, Tutte’s algorithm gives a planar representation of the network in which all vertices
are contained in the convex set, and edges between vertices are drawn as line segments. This
is achieved by interpreting edges as linear springs and solving the associated force balance
equations which form a linear system. Specifically, to compute the n x 2 matrix P, of the
interior vertices, given the pinned m X 2 matrix of boundary vertices P;, along with the
adjacency matrix 4 and diagonal degree matrix D of the network, we compute (see [23])

P, = —L,'BP,, (50)

where B is the n X m matrix of — A restricted to connections between interior and boundary
vertices, and Ly is the n X n matrix D — A restricted to interior vertices.

For simulating T1 moves on the spring network, initial conditions were generated using
a Voronoi diagram with 1000 randomly selected site points on a unit square. The vertices
on the boundary of the square were pinned, and the Tutte algorithm was applied to produce
initial conditions for the graph considered as a network of springs. This changed cells areas
but not topological characteristics of the network such as the adjacency matrix. In cer-
tain instances, we found that the Tutte algorithm sometimes produced vertices which were
nearly incident. To avoid numerical issues with computing angles, each pair of vertices
were identified when their distance was within a tolerance of < 10~°. In a few cases, the
number of vertices in a polygon were reduced to one or two points. Cell areas for both of
these scenarios were nearly zero, and contribute almost nothing to weighted disorders. For
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unweighted measures, we approximated the shape of polygons depending on the number of
remaining points. In the case of two points, the polygon has a very high aspect ratio, and
so we approximated the turning function by a “2-gon” R, with a turning function given in
(21). For polygons P,, which originally had » sides before identifying vertices, we computed
d2(Rse, Ry,) using formula (22) for finding D. For hexagonal turning disorder, we computed
d2(R2, Rg) = \/67/9, and for the circular disorder we computed do (R, C) = v/37/6. In
the case of one remaining point (whose appearance was quite rare in simulations, compris-
ing about 0.2% of cells), we assumed that the cell with originally » sides was approximately
a regular n-gon.

In Fig. 5, we show snapshots of a sample path of the network process with 3000 T1
moves applied to a network with 1000 cells. The Tutte algorithm guarantees that all cells
are convex. While cells are neither created nor destroyed from T1 moves, the microstructure
visually appears to be coarsening as disparities of areas between cells increase. Those cells
with less area tend to have higher aspect ratios than larger cells (which also typically have
larger numbers of sides).

Fig. 5 Snapshots of the T1 process with initial conditions of a Voronoi diagram with 1000 cells after the
Tutte algorithm. From top left to bottom right: the process after 0, 1000, 2000, and 3000 T1 moves
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0.7 A

Turning Disorder
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Fig. 6 Turning disorders for the T1 process over 3000 T1 moves

Rupture

Fig.7 A polygonal edge rupture

In Fig. 6, we plot the number of T1 moves against the six turning disorders. The most
apparent difference between distances is that unweighted disorders increase at approxi-
mately constant rates, while weighted disorders remain mostly constant. When restricted
to either weighted or unweighted disorders, we have an ordering of D. < D < Dg. For
unweighted disorders, D. and D are nearly identical for low numbers of T1 moves, and
about 10% smaller than Dg. For larger amounts of moves, the average aspect ratio of cells
increases, and D becomes more aligned with Dg. This phenomenon is reflected in Fig. 1, in
which increasing aspect ratios results in larger values of the regular turning distance.

Polygonal Edge Rupturing

For a stochastic process on networks which produces nonconvex polygons, we consider an
example of rigid edge rupture studied in [24]. Here, we take initial conditions of a hexagonal
lattice and perform operations whose topological transitions are similar to rupturing an edge
in a two-dimensional foam. An example of polygonal edge rupture is given in Fig. 7. Here,
the edge (u, v) and all edges containing u or v are removed, and new edges (a, b) and (¢, d)
are created by inserting straight line segments. In actual foams, cell walls have constant
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curvature and will immediately rearrange after a rupture to satisfy the Herring conditions, in
which two edges meet at a vertex at 27 /3 radians (see [15] for snapshots of the physical pro-
cess). For our purposes, there are two benefits of fixing vertex positions. First, we find that
performing multiple ruptures produces highly nonconvex and polygonal cells, for which
we confirm whether turning disorders produce large values. Furthermore, the minimum
distance between vertices in this process can only increase. As opposed to the T1 process,
we have no need to use approximations for when vertices are nearly incident.

Like the T1 processes in Sect. 6.1, we denote C,, as a cell with # sides, and observe that
a single polygonal rupture affects the side numbers of four cells (C;, C;, Cr, C;) adjacent to
some edge. The topological reactions are quite different, however, with

Ci+Cj— Ciyja, (face merging) (51

Crp = Cr—1, Cp—Ci_1. (edgemerging) (52)

The second-order “face-merging” reaction C; + C; — C;4;_4 is responsible for the gen-
eration of very large cells when the rupture operation is repeated, and carries similar “gela-
tion” properties to the simpler reaction A; + A; — A, ; for the sticky particle dynamics
described by the Smoluchowski coagulation equation [24, 25]. As with the T1 process, we
forbid edge ruptures which create cells with fewer than three sides.

In Fig. 8, we show a sample path of the rupture process with 1067 initial cells and 900
ruptures. Initially, the cells produced from ruptures remain mostly convex, but at around 500
ruptures more irregular shapes start to form. At the end of the process, when about 15% of
cells remain, the vast majority of the foam is covered with highly nonconvex polygons, with
relatively small 3- and 4-gons interspersed between them. The plot in Fig. 6 shows how each
of the turning disorders changes as the number of ruptures increases. Initially, both the hex-
agonal and turning disorders are nearly zero (boundary cells prevent this from being exactly
zero), while the circular disorders are approximately do(C, Rg) = v/37/18 = 0.3023. As
ruptures increase, weighted and unweighted disorders diverge, as larger cells tend to be
more erratic. After 500 ruptures, circular, hexagonal, and regular disorders look largely the
same. As expected, values for all disorders after 900 ruptures are larger than those found in
the T1 process (Fig. 9).

Discussion

We have studied a computationally efficient method for measuring disorder in a planar net-
work by taking averages of turning distances of each cell compared against ordered shapes.
From viewing several different examples of trivalent network microstructures, we found
that turning disorders capture a wide range of geometric features. For one example, we
observed that Archimedean lattices are considered completely ordered when cells are com-
pared against regular polygons, but have nonzero hexagonal and circular disorders which
vary based on the types and relative areas of the lattice tiles. From an analysis of the turning
distance on regular polygons and circles, we were able to produce exact values for these
lattices. We have also analyzed turning disorders for two classes of stochastic processes on
geometric networks which are increasingly irregular. For aged spring networks under T1
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moves, the network’s area is populated with large, approximately round shapes, causing
area-weighted disorders to remain relatively constant, while unweighted disorders increase
due to the prevalence of smaller cells with higher aspect ratios. Large cells in aged rupture
networks, on the other hands, are in general nonconvex, producing larger disorders which
are approximately the same under all ordered shapes. Several of the formulas derived in
Sect. 4 were also used for the network processes. In particular, we used formula (36) in
calculating distances between circles and general polygons.

The formulas (3)—(5) for turning disorder do not consider the variation of turning dis-
tances across the network as an aspect of disorder. One approach for producing an approxi-
mate empirical spatial disorder would sample disorders over small rectangular subsets of
the microstructure. A similar idea was employed in Miley et al. [26] to describe a metric on
the space of microstructures. Here, subimages of two microstructures, called windows, are
sampled and compared with the Wasserstein distance. A spatial notion of disorder can also
be paired with other geometric descriptors of microstructure in machine learning prediction
problems. Recent success toward this end have used graph neural networks (GNNGs) for pre-
dicting magnetostriction [27] and the emergence of abnormal grain growth [28]. Datasets
for these problems consist of the network’s adjacency matrix along with a feature vector
for geometric information such as grain size and misorientation. For future work, we hope
to analyze how additional metrics like the turning disorders could enhance algorithms for
predicting properties of materials.

Appendix

Continuity Under Vertex Perturbation
A natural perturbation for a polygon P is to adjust one of its vertices by a small amount. We
should expect for this perturbation to be continuous with respect to the d, metric. This is

indeed the case, and in fact the continuity is locally Lipschitz for p = 1.

Proposition 10 Let P be a unit-perimeter polygon with finitely many sides. Let P be a poly-
gon created from perturbing a vertex in P by a distance of €. Then

1. For p > 0, the perturbation is continuous under the p-turning distance, meaning that
dpy(P,P) -0 as &—0. (A1)

2. For p = 1, the continuity is locally Lipschitz for small perturbations. Thus, there exist
g0 and K > 0 such that for ¢ < gg,

di(P,P) < Ke. (A2)
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Proof Without loss of generality, we can assume that a polygon P with n > 3 sides has an
edge of length ¢ with one vertex at the origin and the other vertex v on the positive x-axis.
We set the turning functions fof P and f of P to start tracing at the origin.

We note that the right hand side of (2) can be bounded by setting ¢ = 0 and § = 0, which
is precisely the L? norm, meaning

dp(f,9) < f = 9llp- (A3)

Continuity then follows from showing that turning functions vary continuously in L? from
perturbing a single vertex. To see this, we write the turning functions using indicator func-
tions, with

n—1 n—1
f(S) = Zeilsé[s“si_H% f(S) = Z Gilse[ﬁi,§i+1)7 (A4)
i=0 1=0

where so = 59 =0, s,, = §, = 1. Here, an indicator 1 4 is equal to 1 if 4 holds, and is equal
to 0 otherwise. Perturbing a single vertex only affects the turning angles of the two edges
containing the vertex v, so 0; = 0; fori > 2. Furthermore, a vertex perturbed by distance €
can change its total perimeter, and also the distance between jump points in its turning func-
tion, by at most 2. We can then bound |s; — §;| < 2e fori =2,...,n — 1.

To compare 0y = 0 and 6y, we note that the greatest change in the turning angle
occurs when v = (£1,0) is perturbed vertically to position (¢1,e). Thus we can bound
160 — O] = |60 < tan~'(£/¢y). Through an appropriate change of coordinates, a similar
argument can be made to show |#; — ;| < tan~'(¢/f3). Thus, we can bound the L? norm
by

n—1

1F =I5 <> lsi = &illlf = FIE + €1l02 — 6117 + L2105 — 0o (A5)
i=1

<(n-1(2)|f - f||go + 0, tanfl(e/fl)p + 0y tanfl(e/fz)p. (A6)

Clearly polygons have turning functions with finite L., norms, and thus | f — f|, — 0
as € — 0. This shows continuity of perturbations for p > 1. When p = 1, for a sufficiently
small €9 > 0 there exists a constant K (P) > 0 such that for ¢ < g9, we have

Ilf— le < (n—1)(2)(4n) + £y tan Y (e/0y) + o tan™ (e /ls) < Ke, (A7)

where we use that tan™'(z)/z — 1 as z — 0. This establishes local Lipschitz continuity.

O

We conclude with a simple counterexample with p > 1 where Lipschitz continuity does

not hold. Consider a class of right triangles 7, with legs of length 3 and a. These have
perimeters of P, = 3 + a + v/9 + a2, and have turning functions of
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r 1/4 r 712

()} — — |
14 1 7n2 v
(3) 1 : H +-1
1/4 7n2r r
(4) —+ : : : !
r 1/4 7n2r
(5) | b : H
1/471 712 r

Fig. 10 Relative locations of jumps for varying values of r, where (1)
rel0,1/4—m:/2],Q)r €[1/4—me/2,7/12 —m: /2], B) r € [T/12 — m./2,2/3 — 3m. /2],
@ re2/3—-3me/2,1—mc/2],(5)r € [l — me/2,1]. Dashed lines denote intervals to the left and
right of g,- with length of at least m. /2

0 s€[0,3/P,),
f(s;a) = { /2 s €[3/P, (3+a)/Pa), (A8)
m+tan"(a/3) s €[(3+a)/Pa,1).

We will consider perturbations of the 3-4-5 triangle by comparing T and T4, and finding a
lower bound d, (T}, Ty ) which scales as /7, and therefore cannot be Lipschitz continu-
ous forp > 1.

To show this bound, we begin by noting that the length of the side for which f(s; a) = 7/2
is equal to £, = a/P,. Using a first-order Taylor expansion for the square root, the differ-
ence of this side length for 7). and 7} is equal to

d+e 4 1243 Py,

L o - T (49)
1<5+2€\/25+85+52> = (A10)
3\ T4+e+ V2548 +¢2 30°

Here, we write f(¢) ~ g(e) if lim. ¢ 5 =1.

Foreacht € [0, 1],thesetofjumppointsin(0,1)forF'(s; ¢,0) := f(s;4) — f(s +t;44+¢) + 6
is J.={1/4,7/12,r,7'}, where r =t + 3/Ps4c mod 1 and r' =7 + £44. mod 1. We
claim that for each r € [0, 1] (and thus for each ¢ € [0, 1]), there is a jump g, € J,- such that
(i) the jump size of F is at least 7/4 and (ii) the interval length of the steps on both sides
of the jump is at least m. /2. This can be directly verified by breaking into cases. Indeed,

1. Forre[0,1/4—m./2],q =1/4.
. Forre[l/4—m./2,7/12 —m./2], q, = T/12.
3. Forre[7/12—m./2,2/3 —3m./2] q, = r'. Note that the right endpoint is where
r=1-—m./2.
4. Forr € [2/3—3m./2,1—m./2),q =T.
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For r € [1 —m./2,1], ¢ = 1/4.See Fig. 10 for a visualization of the relative order-
ing of the jump points for cases (1)-(5). In each case, the jump at g, corresponds to a
jump in one and only one of f(s; 4) or f(s + ;4 + ¢). In either of these functions, one
can verify from (60) that all jumps have size of at least 7/4. Thus, in at least one of the
intervals to the left or right of ¢, F must have a constant value of magnitude at least
/8. Denoting this interval I,.(4), we then bound the turning distance by

. 1/ 1/p
J A _ 3 F(s:t.0)Pd > i F(s:t,0)|P)d
o (f. F) (ee]@le%yu/o |F(s;t,0)] 5) . (eeﬁglerfo,u/m (1FE608) S) (A1)

7w ( m(e) Ve e\ Up
>8<2> ~5 (@) (A12)
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